This note studies nonrigidity of equivariant harmonic maps /: M -» S" of a Riemannian homogeneous space M into the Euclidean «-sphere S" via representation theory applied to the induced module structure on R" and, for specific M, produces (divergence-free) Jacobi fields along / which do not come from isometric deformations of/on the range.
1. Introduction. This note, originating from the works of R. T. Smith [5] and Do Carmo and Wallach [3] , continues the studies [7] [8] [9] on rigidity of a harmonic map/: M -> S", n > 2, with constant energy density e(f) = À/2, À g Spec(M), of a compact Riemannian manifold M into the Euclidean «-sphere S" via the (finitedimensional) vector space K(f) of all divergence-free Jacobi fields along/. Recall [4] that / is harmonic iff AMf = X ■ f. Furthermore, by translating tangent vectors of S" c Rn + 1 to the origin of R" + 1, a vector field v along / gives rise to a vector function v: M -* R" + 1, (v, /> = 0. Then [9] , v g K(f) iff AMv = X ■ v.
The vector space so(« + 1)°/ of infinitesimal isometric deformations of / is a linear subspace of K(f) and / is said to be rigid if so(n + 1)°/= K(f). The importance of K(f) is shown by the generalized Do Carmo-Wallach classification theorem [9] which states that, for oriented (isotropy) irreducible Riemannian homogeneous M, the equivalence classes of full harmonic maps/: M -> S" with e(f) = X/2 can be parametrized by a compact convex body lying in K(fx)/so(Vx)° fx, where fx. M -» S"{X) (= unit sphere in Vx) is a standard minimal immersion given by an orthonormal base in the eigenspace Vx corresponding to X. Though there is no immediate generalization of this classification to aribitrary Riemannian homogeneous M the object of this note is to show that the occurrence of rigidity is rare. In §2, we reformulate the condition of rigidity in terms of representation theory. This is then applied in §3 to prove nonrigidity of harmonic maps in various instances. Proof. Given » e i(/k) we have v = B ■ fx for some matrix B since the components of fx form a basis in Vx. We may assume that B is symmetric (by splitting B into symmetric and skew-symmetric parts if necessary). As 0 = (v, fx) = (B -fx> A>> we have B e wh > wnere wh = span{A(x)2|x g M) c S2(VX). On the other hand, as VX\K has multiplicity 1 decomposition, we can apply the argument of Do Carmo and Wallach in the proof of 4.2. Lemma in [3, pp. 50-51], and it follows that W^ is the sum of all class 1 subrepresentations of (G, K) in S2(VX). Then, by hypothesis, Wfx = S2(VX) which implies that B = 0.
Remark. For M rank 1 symmetric and X g Spec(M) the first two assumptions on Vx are automatically satisfied (cf. [1, 6] ) and so fx is rigid iff S2(VX) is the sum of class 1 subrepresentations for (G, K). In particular, for Mx X M2 -* M¡, i = 1,2, then fis nonrigid.
Proof. Assuming that/is rigid, by Theorem l, fis equivariant with respect to an irreducible Gx X G2-module structure on R" + 1, where the compact Lie group G¡ acts transitively on M, by isometries. Then R" + 1 = Vx 8> V2, where Vi is an irreducible G,-module over R, C, or H according as dim Fix( K, R"+' ) = 1,2 or 4. In particular, f(o) = vx ® v2, v¡ g V., and, by equivariance, f(xx, x2) = fx(xx) ®/2(x2), x, g M,, where /: M, -» V¡. As / does not factor through 77,, we have dim Vt ^ 2 so that we can select nonzero matrices Ai g so(F¡). Define the vector function w: Mx X M2 -* R" + l by u(xx, x2) = (Ax ® A2), (fx(xx) ®/2(x2)), x, g M,. Then (û, /> = 0 and ù induces a vector field u g K(f) along/. By rigidity and fullness of /, Ax <8> A2 is skew, a contradiction.
Example. As an easy computation (involving the spectrum of S2 X S3) shows, the canonical projection -nx: S2 X S3 -* S2 followed by the Veronese map/Ai: 52 -» 54 is rigid. Proof. Given an irreducible component R" + 1 in Vx we have to show that any two full rigid equivariant harmonic maps /, /': M -> S" with e(f) = e(f') = X/2 are equivalent. This is done by using the uniqueness of Ä^-fixed vectors over R, C or H.
